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INTRODUCTION
For a brief présentation of the quasi-interpolation operator % in a simplified setting, let us suppose in this introduction that T is a regular triangulation of a bounded Lipschitz domain O with a polygonal boundary F in the plane. To indicate the improvements over [11] , let us assume that T consists of triangles and parallelograms and that F is split into a closed part TD of positive length for homogeneous Dirichlet boundary conditions and a remaining, possibly empty, part FJV := F \ TD> Let M dénote the set of all nodes {i.e. the vertices of the éléments) while JC := J\f\ To dénotes the set of free nodes.
For any node z E .Af, let tp z be the corresponding hat-function defined as the discrete function in the finite element space (excluding boundary conditions) that takes the value 1 at the node z but vanishes at all other nodes. Hence, {(f z \z € K) is the nodal basis of the finite element space (including the homogeneous boundary conditions on Fp).
The family (<p z \z € Af) is a partition of unity and this motivâtes our examination of arbitrary Lipschitz partitions of unity; the results then cover a large class of finite element methods, e.g., isoparametric finite éléments, higher order éléments in higher dimensions, or hanging nodes.
To define the quasi-interpolation operator X in the aforementioned two-dimensional setting, set ip := J^zeK; *P z and, given any ƒ G L l (ÇL), define where (•,•) dénotes the inner product in L 2 (Q). The error ƒ -Xf has a vanishing weighted average, z.e., for f,g G L 2 (Q) and arbitrary g z G R, z G /C, there holds^) (1.2) As main conséquences, one deduces the approximation and stability properties
<C||V/|| L 2 (n) .
(1.4)
The T-piecewise constant weight h<r is the elementwise mesh-size, h-r = diam (T) on T G T, h z dénotes the diameter of the patch u> z := U{T G T\z G T} of z G /C, and the positive constant C is independent of ƒ, <?, /ir and dépends only on the shapes of the éléments in T. The improvement over the Clément operator is that g z allows a local réduction in (1.3). The disadvantage is that only linear convergence is provided through (1.4), while, for ƒ G H 2 (Q), the Clément quasi-interpolant is of second order. One motivation for the above quasi-interpolation operator X was the question of dominating edge-contributions which is eventually solved by the results of this paper for arbitrary regular but unstructured meshes. It has been a conjecture in the engineering community for a long time that it sufHces in residual-based error control to focus on the edge contributions such as a jump of the discrete stress along inner element edges.
For a very special mesh, Yu proved that the edge-contributions dominate the residual based standard a posteriori error estimâtes for piecewise polynomials of odd degree [21, 22] . For unstructured grids, it was later shown in [11] that the volume contributions can be replaced by a term which is generically of higher order. For arbitrary meshes and wit h Dirichlet conditions, the results of this paper provide the estimate (1.5) e/c for the exact solution u G HQ(ÇÏ) of a model problem Au + ƒ = 0 with Galerkin solution U, The improvement over the standard error estimate is that R z is arbitrary in (1.5) (and vanishes in the standard estimate) and so lowers the volume terms in (1.5) . To see this, suppose U is T-piecewise affine such that the T-piecewise Laplacian ATU vanishes. Then [| ƒ -f Aj-U -RzW^zr^ \ is of higher order owing to a proper choice of R z . If ƒ is smooth, a Poincaré inequality shows r i 1/2
\\u-U\\ w i* {U ) <C \Ys h E\\{dU/dn E }\\ 2 L , {E) \ +C||/£V/|| L2(n) , (1.6)
J where the last term is of higher order. The remaining edge-contributions IKöL^/onjs;]!!^^) describe the jump of the discrete stress VU across the inner element edge E in normal direction UE\ S dénotes the set of all edges. For nonconforming and mixed finite element methods, a similar technique shows that the volume contributions in the estimate can be sharpened. It is stressed that the improvements apply to any situation which usually Clément's paper [12] is quoted in, and so is useful for any (non-linear) partial differential équation in divergence form; cf. [2] [3] [4] [5] 15, 17, 19] .
The remaining part of the paper is organised as follows. A much more gênerai setting for a Lipschitz partition of unity and the proposed interpolation operator are introduced in Section 2. lts approximation and stability properties are stated in Section 3 and proved in Section 4. To illustrate the standard setting the genera! frame is applied to, we specify the resulting sharpened a posteriori error estimate, first for conform piecewise polynomial finite element methods in Section 5, for nonconforming finite element methods such as Crouzeix-Raviart finite éléments in Section 6, and finally for mixed finite éléments in Section 7.
WEAK INTERPOLATION OF LIPSCHITZ PARTITIONS OF UNITY
Suppose that KL Ç M are finite (index) sets, and (ip z \z G A/*) is a Lipschitz partition of unity on S7, i.e. z = l on îî, Remark 2.4. The main orthogonality property mentioned in the abstract and the introduction is a simple conséquence of the construction, namely, for R,u G L 2 (Q), we have 
Theorem 3.1. Adopt notation front Section 2 and 3 for 1 < p, q < oo ; 1/p + 1/q = 1. Then, there exists a constant C > 0 that dépends only on Q,,YD,P and the shape of the supports (UJ Z \Z G JC), as well as on the shapes of ( u z Uuç\Ç G Af\K,j z EK, u z r\u>ç ^ 0 with ip ^ 1 on UJ Z ) , the shape coefficients ( J^ ^zdx/meas (co z )\z G /C J, and on the overlap
4)
\t not on their sizes h z := diam^^); such that the following holds.
For o/Z u e V7^p(n) ttere /loZds^( n)<C||V«|Up ( n), (3) (4) (5) (6) where h(x) := max{h z \tp z (x) > 0, z G JC}. 3. There exists a constant c > 0 t/iat further dépends on max z6j /v ^ Lip(^z) such that, for all u G Wp P (Q), \\VIu\\ LP{Q) <c||V«|Up ( n).
(3.7)
It will be clear in Section 5, that Theorem 3.1 yields an estimate for the volumetric part of the residuals in the finite element analysis. To estimate edge contributions, we state a simple conséquence in a gênerai framework, which will be convenient in Sections 5-7. Let S be a finite union of Lipschitz surfaces, such that
where T is a finite set of pairwise disjoint, non-void Lipschitz domains in Q>.
There exists a constant C > 0 that dépends on the constants in (3.6-3.7), on
and on the shape of the domains in T, but not on their sizes such that, for ail J e L q (S) and all u G W^iQ), Kp,q<oo, r (
The main results in Theorem 3.1 and 3.2 are applied in the following form.
Corollary 3.1. There exists a constant C > 0 that dépends on the constants in (3.6, 3.7, 3.10) , such that
Jn Js [ ze)C z Ter
J holds for all J £ L q (S), R e L q (fL), u £ W^P(Q), and arbitrary R z eR for z eJC.
4. PROOFS In the proof of point 1 of Theorem 3.1, we are given R G L q (Q) and u G W^P{Q), start as in (2.9), and obtain with Hölder's inequality 
where W^^UJ) -{u E W 1)P (o;)|ti = 0 on 7D}-A scaling argument again shows that the constant c z £ in (4.3) is independent of the size of u, but dépends on its shape. (Note that h z := diam (D Z ) is not the size of u, but diaxn.(uj)/h z dépends on the shape of co and LÜ Z only.) With Hölder's inequality, To verify (3.7), we employ (2.1) and obtain 0 = J2 z& j^^<p z almost everywhere in Q. Therefore, if u z := 0 for z e JV*\/C and u z := (ip Zy u)/(ip ZJ l) for zG/C,
In the last estimate we noticed that, for almost ail x in f2, ^7ip z {x) ^ 0 for at most M\ parameters z in TV, so that we could apply Hölder's inequality in M Ml . (In In the last step we argue as in (4.7), and employ (3.3, 3.4) to conclude (3.7). •
In order to prove Theorem 3.2, we quote a trace theorem which is utilised frequently in the liter at ure (e. g., in [6, 9, 12] ). A proof is sketched only for completeness. Proof. According to trace inequalities in Sobolev spaces, we have for w-depending constants C(LJ). TO see that C(UJ) is diam (u;)-independent, we employ a scaling argument and verify that || ƒ ||£,P(a w ), II/|Up( w )/diam(cj) 1 / p and ||V/|| L P (W) diam^) 1 
f J(u-lu)ds < 2*'« Yl < T )W J \\L«{SndT) (h~1 /p \\u-lu\\ LP(T) + h X f 1/p \\V(u -lu)\\ LP{T) )
l (SnaT) ) (^2( () H) )) . Ter (In the last identity, we used that UT Ç ft without any overlap.) From (4.18, 4.19) we obtain (3.10). D Remark 4.1. The main improvement over [11] is that volume contributions near the Dirichlet boundary are, compared to the remaining parts, not treated differently.
APPLICATION TO CONFORM FINITE ELEMENT METHODS
In this section, we focus on finite element methods that include Pi-and Qi-finite éléments which are continuous and satisfy homogeneous Dirichlet boundary conditions on T& exactly. To describe the discrete space S Ç Wjj p (Q), we firstly recall the définition of a regular triangulation in the sense of Ciarlet [6, 13] . The lowest order conform finite element space with respect to T is denoted as S. Hère, Vu{K) [resp. Qfc(-K")] dénotes the set of algebraic polynomials in d variables on i^ of total [resp. partial] degree < A:. The (nonconforming) discrete space C\(T) is the set of ail U G L°°(Q) with restrictions in Pr, ie., t/| T G P T for ail T in T. Then, let 5 := £ X (T) n W^fî) and <S D := A(T) H w£ p (fi). For each z G A/", let d énote the discrete fonction in S that satisfies ^(x) = 0 if x G Af\ {z} and ¥>*(z) = 1; (<p z \z £ £) is the nodal basis of SD -To illustrate the estimâtes of Section 3, suppose that we aim to approximate an unknown stress field a G L q (Ü) d that satisfies div cr +ƒ = 0 inîî, (5.1) a • n = g on F^, for some given ƒ G L q (ft) and g G L 9 (F;v)-(In (5.1) , diva is the distributional divergence which, by (5.1), is regular and then, (5.2) can be defined in a weak form via intégration by parts formulae.) The weak form of (5.1, 5.2) is obtained straight forwardly by applying an intégration by parts, and we suppose that we calculated some Ti G L q (Çl) that satisfies the weak form of (5.1, 5.2) for ail test fonctions in <SD, le., we suppose we are given E with
and E|r E W liP (T) d for each T G T. We regard E as an equilibrium approximation to a and obtain an a posteriori error estimate for ||div (a -E)|| w i.P (n) . := sup / (a -S) -VWdx/\\VW\\ LHQ) . where R := ƒ + divrE, and J is given in (5.5). Thus, (5.6) is a direct conséquence of (5.7) and Corollary 3.1. D Remarks 5.1.
1.
The estimate (5.6) yields error estimâtes for the displacement fields if we suppose a smooth uniformly monotonous stress strain relation, Le., if there is a smooth A :
Then, if a := A(u) and E := A(U), we obtain a \\ u~u \\w^p{n) < ||div (a-E)|| w i )P(n)+ \\u-'
and whence, according to (5.6) , an a posteriori error estimate From the above arguments we deduce the a posteriori error estimate (1.5) discussed in the introduction, 2. Reverse inequalities hold under some regularity conditions on the data, see [19] . 3. Although Theorem 5,1 is formulated for scalar problems only, it applies straight forwardly componentwise to vectorial problems such as problems in linear and (partly) nonlinear elasticity. 4. It is stressed that we only need (5.3) to hold for the lowest order conform space SD« Of course the test finite element space may be much larger, and so our analysis includes hp-versions of the finite element method as well. 5. For thin and long éléments (d > 2), the constant C in Theorem 5.1 is expected to deteriorate [9, 10] .
It is stressed that we only need a shape-regular triangulation for the partition of unity, and so the fine triangulation may include very thin and relatively long éléments on the price of error information on the coarse grid only. This situation is depicted in Figure 1 , where a fine mesh is used near an edge singularity, while the coarse mesh (described by thick lines in Fig. 1) indicates the triangulation T, to which (5.3) and thus (5.6) applies. 6 . Hanging nodes may be included in the analysis^ since there exists a partition of unity in this case as well. 7. Finally, isoparametric finite element methods can be treated similarly. The analysis is straight forward. However, in practise, isoparametric éléments are utilised for curved boundaries and so the triangulation does not exactly match the boundary. This causes further difficulties that lie beyond the scope of this paper. 8. The assertion justifies, to some extend, the averaging technique for a posteriori error control (cf. [3] for a similar statement and [19] for averaging estimâtes).
APPLICATION TO NONCONFORMING FINITE ELEMENT METHODS
In this section, we consider a linear model problem with the exact solution u G HQ (Cl) of a = AVu and diva +ƒ = 0 in fi. (6.1)
The linear and bounded operator A : L 2 (CÏ) 2 -• L 2 (Cl) 2 is supposed to be self-adjoint and uniformly elliptic, and we are given ƒ G L 2 (fi). For a simple notation, we describe the two-dimensional situation only and suppose the nonconforming Galerkin solution U belongs to The following result sharpens [14] (where R z -0, z G /C). Then we choose W := T(u -a) € SD and recast the right-hand side of (6.11) as
Jn The first term can be rewritten according to an elementwise intégration by parts and then estimated with (3.11 ). The calculation is as in (5.7) , and so we neglect the details, but stress that the improved estimâtes apply hère.
The second term in (6.14) involves Helmholtz décomposition as in [1, 8, 14] . Notice that
Because T is divergence free in the simply connected domain Q,, there exists a stream fonction (j) E i7 1 (Q) to T,ie.,T = Curl</> := {d$/dx 2 , -d$/dxi) [16, 18] . This shows Absorbing ||£>re||i / 2 (n) concludes the proof of Theorem 6.1. D
APPLICATION TO MIXED FINITE ELEMENT METHODS
In this section, we consider a linear model problem for a mixed formulation to approximate (u y a) E HQ (ft) X L 2 (ft) 2 that satisfies a = A Vu and div a -h ƒ = 0 in ft. (7.1)
The linear and bounded operator A : L 2 (fï) 2 -> L 2 (ft) 2 is supposed to be be self-adjoint and uniformly elliptic, and we are given ƒ G L 2 (ft). Prom standard mixed finite element methods such as Raviart-Thomas (RT), Brezzi-Douglas-Marini (BDM), or Brezzi-Douglas-Fortin-Marini (BDFM) éléments (cf. [7] for details), we obtain an approximation (£/,£) € L 2 (fï) x H (div; ft) that satisfies / = 0 (TeT) y (7.
2) T f P-Qdz + / UdivQdx = 0 (QeM). is supposed to belong to the trial functions. In (7.3), P := A -ï S is assumed to be T-piecewise smooth, such that Curlr^P e L 2 (Q) 2 , and we may define the jump [P] of P across E (ie.
[P] = P\T 2 -P\T X on E = T 2 DT 1 or [P] = P|T onTnr) and the tangent unit vector r E on E, r E • UE ~ 0.
The following result sharpens [1, 8] (where R z = 0, z € /C). where hx = diam (T) and the constant CT dépends on the shape of the éléments only, in our case, on pr/hr [9] .
Let B := 1b e S dénote the weak interpolant to b G H l ($l) (without any boundary conditions). Then, according to ( 
